Theorem Sum and Difference Formulas for Cosines

nwords . | cos(a + B) = coscxcos B — sin e:sin B )
w cosine of the sum of two angles )

"¢ Proof We will prove formula (2) first. Although this formula is true for all sumbers
%2 and B, we shall assume in our proof that 0 < B < a < 2. We begin with the unit cir-
4 \gle times the o " cle and place the angles a and § in standard position, as shown in Figure 24(a). The
socond angle. - " point P, lies on the terminal side of 8, so its coordinates are (cos 8, sin £); and the
Cespsesesso st point Py lies on the terminal side of a, 30 its coordinates are (cos a, sin a).
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Now place the angle @« — $ in standard position, as shown in Figure 24(b). The
point A has coordinates (1, 0), and the point P, is on the terminal side of the angle
a — B, 50 its coordinates are (cos(er — B), sin(a — 8)).

Looking at triangle OF, P, in Figure 24(a) and triangle OAP, in Figure 24(b), we .
see that these triangles are congruent. (Do you see why? Two sides and the included
angle, @ — B, are equal.) As a result, the unknown side of each triangle must be
equal; that i,

d(A, B) = d(P, P)
Using the distance formula, we find that
Vlcos(a - B) — 1P + [sin(a~ B) ~ OF = \/(cos a — cos B)* + (sina ~ sinBf* (A7) = d(F, )

~ [cos{a - B) - 1P + sin’(a — B) = (cosa — cos B)? + (sina — sin B)*  Square both sides.

-

cos*(a — B) —2cos(e — B) + 1 +sin’(a — B) = cos’a — 2 cos acos B + cos’B Multiply out the squared terms.
+ sin* @ — 2sinasin B + si’ B
2-2cos{e— B)=2—2cosacos B — 2sinasin 8 Apply a Pythagorean Identity (3 times).
—-2cos{a— B) = —2cosacos B — 2sinesin8 Subtract 2 from each side.
cos(a ~ B) = cosacos B + sinasin 8 : Divide each side by —2.
This is formula (2). "

The proof of formula (1) follows from formula (2) and the Even-Odd Identities.
We use the fact thata + 8 = a — (—p). Then

cos(a + B} = cos[a — (—B)]
= cos acos(—f) + simasin(—B)  Useformula (2).

=cosacos B — sinasin Even-Odd ldentities |




